ABSTRACT. Kontsevich constructed universal characteristic classes of smooth bundles with fiber a framed homology sphere, which is known in the 3-dimensional case to be a universal finite type invariant. The purpose of the present paper is twofold. First, we obtain a bordism invariant of smooth unframed bundles with fiber a 5-dimensional homology sphere as a sum of the simplest Kontsevich class and the second signature defect. Second, we introduce the notion of clasper bundles. By using clasper bundles, we show that Kontsevich's universal characteristic classes are highly non-trivial in the case of fiber dimension 7.
INTRODUCTION
In [Kon] , Kontsevich constructed universal characteristic classes of smooth framed Mbundles with fiber M being an odd dimensional homology sphere. The construction of the Kontsevich classes involves the graph complex and configuration space integrals (see [Kon] or §2 for the definition). In the case of 3-dimensional homology spheres, the Kontsevich classes are 0-forms, i.e., just real valued invariants, and it is shown in [KT] that all the Date: March 11, 2008 . 2000 Mathematics Subject Classification. 57M27, 55R35, 57R20.
Ohtsuki finite type invariants ( [Oh] ) are recovered in this way. It is also known that there are very many Ohtsuki finite type invariants, implying that the Kontsevich classes for 3-dimensional homology spheres are very strong.
In the present paper, we study the Kontsevich classes for higher odd-dimensional homology spheres. In particular, we consider the cases of 5-and 7-dimensional homology spheres M.
First, the Kontsevich classes are the characteristic classes for smooth framed M-bundles. Let M
• denote M with a puncture at a fixed point at ∞ ∈ M. The framing on an M-bundle means a trivialization of T M
• along the fibers that is standard near ∂M • . In the case of 5-dimensional homology spheres, we consider in §3 the framing dependence of the simplest Kontsevich class associated to the Θ-graph, which is a 2-form on the base space, and we show that we can obtain a bordism invariant of unframed M-bundles by adding a certain multiple of the second signature defect invariant of Hirzebruch (Theorem 3.2). We do not know whether it is non-trivial or not. If the unframed bordism invariant is trivial, then one gets a relation between the Kontsevich class and the signature defect invariant. If it is nontrivial, then one may expect that it measures deeper structures of bundles, which can not be determined by the homological structures of the vertical tangent bundles. For 7-dimensional M, the Kontsevich classes really seem to measure deeper homological structures than the vertical tangent bundle, from the result of the second part of the present paper (Remark 4.10).
Second, in the case of 7-dimensional homology spheres M, we construct in §4 a family of framed M-bundles, which we call clasper-bundles, by using higher dimensional claspers. Higher dimensional claspers are introduced in [W] as higher dimensional generalizations of claspers in 3-dimension, originally introduced by Habiro [Hab] . We show that they are in some sense dual to the Kontsevich classes (Theorem 4.8). Proof of Theorem 4.8 is inspired by Kuperberg-Thurston's proof of the universality of their version of Kontsevich's perturbative invariant [KT] . As a consequence of our result, it turns out that the Kontsevich classes are highly non-trivial and that there are as many Kontsevich classes as Ohtsuki's finite type invariants for any fixed 7-dimensional homology spheres. This already implies that there are a lot of smooth framed bundles. It is known that any 3-dimensional homology sphere can be obtained by a sequence of Habiro's clasper surgeries. Our result suggests that clasperbundle surgery can be used effectively to produce a lot of bundles similarly to the situation of 3-dimensional homology sphere, while usual surgery along framed links in a higher dimensional manifold is not so effective unless the manifold is nilpotent [W] . Thus we expect that clasper-bundle surgery can be used effectively to homological classification of bundles.
In §5, we will remark some future directions. We think that the study of cohomology classes of the space of link embeddings is a higher dimensional generalization of the study of link invariants in 3-dimension. Similarly, we think that the study of universal characteristic classes is a higher dimensional generalization of the study of invariants of 3-dimensional homology spheres. We expect that there is a rich theory for smooth bundles as in the theory of Ohtsuki's finite type invariants of homology 3-spheres and we hope that clasper-bundle surgery gives an important correspondence between the two.
KONTSEVICH'S UNIVERSAL CHARACTERISTIC CLASSES
Here we briefly review the definition of Kontsevich's universal characteristic classes of smooth bundles.
2.1. Feynman diagrams. First we define the space A 2n of trivalent graphs. An orientation on a trivalent graph Γ is a choice of ordering of three edges incident to each trivalent vertex modulo even number of swappings of the orders. We present the orientation in plane diagrams by assuming that the order of three edges incident to each trivalent vertex is given by anti-clockwise order.
Let G 2n be the real vector space spanned by all connected trivalent graphs with 2n vertices. Let A 2n be the quotient space of G 2n by the subspace spanned by the vectors of the following form:
(2.1)
We call the vectors in (2.1) IHX and AS relations respectively. We write [Γ] in A 2n for the graph represented by Γ. given by the projection onto the S m−1 -factor. It is known that p * M ω S m−1 , where ω S m−1 is the SO(m)-invariant unit volume form on S m−1 , extends to a closed (m − 1)-form α M on C 2 (M) and it generates H m−1 (C 2 (M); R) [Coh] .
Fulton-MacPherson
2.3. Universal smooth M-bundle. Let M • denote M punctured at ∞ ∈ M. By a smooth vertically framed M-bundle, we mean a smooth bundle with fiber M together with a fixed inclusion M
• ֒→ M \{∞} such that it is trivialized at ∂M • and such that there is a trivialization of its vertical tangent bundle, namely, tangent bundle along the fibers that is also standard near ∞ ∈ M. We will call the trivialization a vertical framing. Let Emb(M, R ∞ ) be the space of smooth framed embeddings M → S ∞ sending ∞ ∈ M to ∞ ∈ R ∞ ∪ {∞} = S ∞ that are standard near ∞, i.e., coincide with R m ⊂ R ∞ near ∞, equipped with the Whitney C ∞ -topology. Here R ∞ denotes the Hilbert space of square summable sequences. Then the bundle
is a disjoint union of copies of the universal framed Diff(M • rel ∂)-bundle, each associated to a homotopy class of framings on M
• (in the case M • is a punctured homology sphere, there are at most Z×finite-copies). We denote it by EDiff M → BDiff M. BDiff M is also considered as the base of the universal smooth framed M-bundle
associated to π DiffM . From the general theory of bundles, the isomorphism class of a smooth framed M-bundle E → B is determined by a homotopy class of a classifying map f : B → BDiff M. We will often identify the image of a classifying map f with the induced bundle f * π DiffM . Usually, cohomology classes of BDiff M are used for homotopy classification of such maps and they are called universal characteristic classes (e.g. [Mo2] ). For bundles over closed manifolds, bordism invariants Ω * ( BDiff M) → V (V: a Z-module or a real vector space) may also be used for the classification.
Kontsevich's characteristic classes.
where we fix a bijective correspondence between the set of vertices of Γ and the set of 2n points of the configurations, and φ e : C 2n (M) → C 2 (M) is the projection corresponding to the two ends of e. Note that the choice of the form α M and therefore of ω(Γ) depends on the framing on M. Consider the bundle over BDiff M with fiber diffeomorphic to C 2n (M) associated to π M and denote it by π C 2n (M ) . Then the pushforward (π C 2n (M ) ) * ω(Γ) along the fiber of π C 2n (M ) yields an n(m − 3)-form on BDiff M. See Appendix A for the definition of the pushforward. According to [Kon] , the form
where the sum is over all connected trivalent graphs and |Aut Γ| be the order of the group of automorphisms of Γ, is closed and thus descends to an A 2n -valued universal characteristic class of framed smooth M-bundle. Further, R-valued Kontsevich classes are defined by composing ζ 2n with any linear functional on A 2n . In the case M is a 3-dimensional homology sphere, this gives rise to a 0-dimensional cocycle which is known to be a universal finite type diffeomorphism invariant [KT] .
BORDISM INVARIANT OF UNFRAMED M -BUNDLES
In this section, we restrict our study to smooth bundles with fiber a 5-dimensional homology sphere M. In this setting, we will show that the simplest Kontsevich class ζ 2 after an addition of a certain multiple of the second signature defect invariant becomes a bordism invariant of unframed M-bundles. The strategy here is mainly inspired by Lescop's nice explanation [Les] of the Kuperberg-Thurston construction of unframed 3-manifold invariants.
We restrict the holonomy group to the subgroup Diff ′ M ⊂ Diff(M • rel ∂) consisting of diffeomorphisms inducing homotopy trivial automorphisms on vertical tangent bundles.
This restriction does not lose the generality so much. Since M
• is a punctured homology sphere, the obstruction to homotopy two different framings on
we denote by π
• : E • → B the bundle obtained from E by restricting its fiber to M
• . Let τ E • be a vertical framing of E • . Let π 0 : E 0 → B be the trivial Diff ′ M-bundle over B vertically framed by the same framing on M • as the fiber
Then by Thom's theorem, there exists a positive integer N such that the disjoint N copies of E bounds a compact oriented 8-manifold W , namely ∂W = E ⊔· · ·⊔E (N copies).
⊔N ⊕ ε where ξ is the vertical tangent bundle and ε is the trivial 1-dimensional normal bundle over ∂W = E ⊔N . Choose a connection on T B and pull it back to π * T B. Then together with the flat connection defined by (τ E ) ⊔N ⊕ τ ε , it defines a connection on T W | E ⊔N . This connection can be extended to whole of W . The relative L 2 -class is defined with this connection on T W by Hirzebruch's L-polynomial given by
where
is the j-th relative Pontrjagin class. Then the second signature defect ∆ 2 (E; τ E • ) is defined by
is independent of the choices of the connection, the bounding manifold W and the number N of copies. 
does not depend on the choice of a vertical framing τ E • and is a bordism invariant
Here the sign ± depends on the sign convention in the definition of ∆ 2 .
We do not know whether BDiff ′ M has the homotopy type of a CW-complex (while for 3-dimensional manifolds, it is known to be true, which was conjectured by Kontsevich and proved by Hatcher and McCullough [HM] ). So we do not know whetherζ 2 descends to a cohomology class.
By a similar argument as in [KT] , we have
which depends only on the framing on M • . Here S 2n (T M) → M denotes the bundle associated to T M whose fiber is the space of configurations of 2n points in a 5-dimensional plane modulo translations and dilations. So if one want to make ζ 2n framing independent, it suffices to add some correction term to cancel this term. Theorem 3.2 says that the 15 14
Remark 3.3. We do not know whetherζ 2 of Theorem 3.2 is non-trivial or not. As mentioned in the introduction, if it is trivial, then we obtain a relation
If it is non-trivial, then it is expected that it measures deeper structures of bundles that does not determined by the homological structures of the vertical tangent bundles.
The following proposition proves the first part of Theorem 3.2 and allows us to compute characteristic numbers for the Kontsevich classes for any Diff ′ M-bundle over a closed connected oriented 2-manifold. Proposition 3.4. Let M be a 5-dimensional homology sphere. Any Diff ′ M-bundle π : E → B over a closed connected oriented 2-manifold B can be vertically framed.
Proof. Choose a cell decomposition of B with one 0-cell.
Since the holonomy is contained in Diff ′ M, the vertical framing extends to 1-skeleton. To see the vertical framing extends to the 2-skeleton of B, we consider a trivial Diff ′ Mbundle e 2 × M → e 2 over the 2-cell e 2 and consider the obstruction for homotopying the trivial vertical framing over C = ∂e 2 ∼ = S 1 into the vertical framing over the image of C under the attaching map determined by the above extension to 1-skeleton. We can choose a vertical framing of the trivial bundle over e 2 so that the two vertical framings coincide at the fiber over the base point q 0 on C. The difference of the two vertical framings can be considered as a map g :
. We shall consider the obstruction for homotopying g into the trivial map and show that this obstruction vanishes.
By the above assumption, g can be made homotopic to the trivial map over 1-skeleton of C × M
• . Further by Lemma 3.5 below, we have
for 2 ≤ j ≤ 5, which implies that the homotopy extends to 5-skeleton. Moreover, it is known that π 6 (SO(5)) = 0. Thus
and the homotopy extends to whole of C × M • . Namely, the vertical framing extends over whole of B.
Lemma 3.5. Let π : E → B be a Diff ′ M-bundle over a closed connected oriented manifold B of dimension ≤ 2. Then
Proof. First we determine the homology group
; Z) via the homology exact sequence
Since the Diff ′ M-bundle π
• : E • → B is a homologically disk bundle, its homology is isomorphic to that of B:
The homology of ∂E
is determined via the Meyer-Vietoris sequence as
Substituting (3.2) and (3.3) into (3.1), we have
Hence by the universal coefficient theorem, we have
Furthermore, by π 6 (SO(5)) = 0, we have
3.1. Framing dependence of ζ 2 . Here we compute the difference of ζ 2 for two different vertical framings. For an R 5 -bundle E, we denote by S 2 (E) the associated S 4 -bundle to E. Let
depending on a choice of a 4-form ω ∈ Ω 4 (S 2 (E)).
Lemma 3.6. Let E j → B j (j = 0, 1) be two real 5-dimensional vector bundles such that there exists a bundle morphism φ :
Proof. First, suppose that B 0 is a manifold of dimension < 8, thus S 2 (E 0 ) is a manifold of dimension < 12. Then we have
In the case that φ is an orientation preserving diffeomorphism, the two integrals obviously coincide.
Lemma 3.7. ζ 2 (E; τ E • ) depends only on the homotopy class of τ E • .
Proof. Let τ E • and τ ′ E • be two mutually homotopic vertical framings. We prove that
. The homotopy gives rise to a cylinder E × I with a vertical framingτ
where T ′ E • denotes the vertical tangent bundle of E • . This induces a bundle morphism for the associated S 4 -bundles:
Then Sφ * ω, where ω is a 4-form representing the Thom class on the trivial bundle S 4 over a point, is an extension of the Thom class on ∂(E • × I) and
by Lemma 3.6(1).
Corollary 3.8. Let π : E → B denote a Diff ′ M-bundle over a closed 2-manifold B. Then there is a homotopy deforming any continuous map
which is trivial on ∂E
Proof. Lemma 3.5 implies that the homotopy extends from ∂E
• ∪ E
• q 0 to the 6-skeleton of E
• .
For any map
Lemma 3.9. Let π : E → B be a Diff ′ M-bundle over a closed connected oriented 2-manifold B and let τ E • be a vertical framing on it. Then
It depends only on the homotopy class of ψ(G).
We may assume after a homotopy that ψ(G)
In other words, the vertical framing over ∂ B extends to B outside an embedded 3-ball B 3 ⊂ B. Furthermore we consider E
• def =π −1 B \ B 3 as a cobordism between E ⊔ S 2 and −E vertically framed by τ E •• (see Figure 1 ). We denote by τ G the induced vertical framing over the S 2 . Letτ E • be another vertical framing on E and consider the cylinder E = E × I vertically framed by ψ(G)
Then after a homotopy, we may assume that the support of ψ(g) (inverse of the complement of 1 ∈ SO (5)
where the obstruction considered above is included. Now let us consider the value of ζ 2 on the partially framed cobordism. By Stokes' theorem, we have
where ω(τ ) denotes the form representing the Thom class determined by the framing τ .
the two ξ 2 terms in the right hand side in (3.4) are equal by Lemma 3.6(2). Therefore we have
The last proposition allows us to define
where the gluing map h :
representing the generator of π 7 (SO (5)
One can prove that δ 2 (E ρ ) does not depend on the choice of ω T within the cohomology class by a similar argument as the proof of closedness of ζ 2 .
Lemma 3.10. ζ
that coincides with id outside some embedded 7-ball B
7 in E and the image of
Proof. By a similar argument as in the previous lemma, we have
On the other hand, it follows from the definition of δ 2 (E ρ ) that
where the third equality follows from Lemma 3.6(1) and Lemma 3.9.
For a Diff ′ M-bundle π : E → B, we denote by [E, SO(5)]
• the set of homotopy classes of continuous maps
Proof. By Corollary 3.8, the obstruction to homotopying G into the constant map over whole of E is described by a homotopy class of a map ∂(
• . Then we have
• → A 2 is a group homomorphism. Then by Proposition 3.11, ζ ′ 2 is a multiple of deg with some constant in A 2 . Lemma 3.10 assures that the constant is exactly equal to δ 2 (E ρ ).
Framing dependence of Pontrjagin numbers.
As for ζ 2 , we compute the difference between the relative Pontrjagin numbers of two different vertical framings.
It depends only on the homotopy class of ψ(G).

Proof. The difference computes the second relative Pontrjagin number of E
• ×I with respect to the vertical framings ψ(G)
. Then the proof may be carried out by a similar argument as in Lemma 3.9 with the fact that the second relative Pontrjagin number vanishes on vertically framed cobordisms.
This proposition allows us to define
Lemma 3.14. Let π : E → B be Diff ′ M-bundle over a closed connected oriented 2-manifold. Then
• → Q is a group homomorphism, it follows from Proposition 3.11 that p
The second relative Pontrjagin class p ′ 2 is considered to be the obstruction to extend the vertical framing on the boundary of B = B × I to the complexified vertical tangent bundle of B. In the case of G E (ρ), this obstruction lies in
. Namely, the obstruction is the image of [ρ] ∈ π 7 (SO(5)) under the inclusion π 7 (SO(5)) → π 7 (SU(8)/SU(3)). This inclusion factors through π 7 (SU(5)) ∼ = Z and the following two lemmas conclude the proof. Proof. This is a direct consequence of the homotopy exact sequence of the bundle
The following lemma follows from a result in [Lun] .
Lemma 3.16. The natural inclusion c : SO(5) → SU(5) sends the generator of π 7 (SO(5)) ∼ = Z to ±8 times the generator of π 7 (SU(5)) ∼ = Z.
3.3. Computation of δ 2 (E ρ ) and framing correction. The following lemma is proved in [BC] .
Lemma 3.17 (Bott-Cattaneo) . Let π : E → B be an R 2k−1 -vector bundle and S(E) be its associated sphere bundle with e ∈ H 2k−2 (S(E); R) be the canonical Euler class. Then
Proof. The integral part of δ 2 (E ρ ):
for any Diff ′ M-bundle E over a closed connected oriented 2-dimensional manifold. This obstruction class is represented by the element
According to Lemma 3.14, [ρ] ∈ π 7 (SO (5)) is mapped under the inclusion π 7 (SO(5)) → π 7 (SU(8)/SU(3)) into ±48 times the generator of π 7 (SU(8)/SU(3)). Hence p 2 (E ρ ) = ±2 · 48 and
Now we see in the case of bundles with fiber a punctured 5-dimensional homology sphere over a base closed 2-dimensional manifold, that vertically unframed bordant implies vertically framed bordant.
Lemma 3.19. If two vertically framed Diff
′ M-bundles π j : E j → B j (j = 0, 1) over closed connected oriented 2-dimensional manifolds B j are bordant, i.e., they define the same element of
and the vertical framing over ∂ B extends to a vertical framing over
Proof. Existence ofπ : E → B is clear. For the last assertion, choose a cell decomposition of B with respect to ∂ B. The same argument as in Proposition 3.4 shows that the vertical framing also extends to 2-skeleton of B.
Corollary 3.20. If two Diff ′ M-bundles π j : E j → B j (j = 0, 1) over closed connected oriented 2-dimensional manifolds B j are bordant, i.e., they define the same element of
Proof. Choose any vertical framing over ∂ B. Then the vertical framing extends to B \ B 3 by Lemma 3.19. After a homotopy, we may assume that the trivial bundleπ
The resulting bundle is the desired vertically framed bordism.
Since ζ 2 is a cocycle on BDiff M, it is a vertically framed bordism invariant. Further we can also prove the following Proposition 3.21. ∆ 2 is a vertically framed bordism invariant of Diff ′ M-bundle over a closed oriented 2-manifold.
Proof. Let π j : E j → B j (j = 0, 1),π : E → B and the vertical framing τ E • on E
• be as in Corollary 3.20. Note that any connections on T B j can be extended to one on T B. We show that the signature defect
Proof of Theorem 3.2. By Lemma 3.12, 3.14, the framed bordism invariantζ 2 :
does not depend on the vertical framing τ E • . Corollary 3.20 says that unframed bordant implies framed bordant. Thusζ 2 gives rise to an unframed bordism invariant Ω 2 (BDiff ′ M) → A 2 . Note that in the case N > 1 in the definition of the signature defect, the deg G in (3.5) may become N times as much as the connected case. Then this cancels with the 1 N factor in the definition of the signature defect.
CLASPER-BUNDLES
For a 7-dimensional homology sphere M, we construct many smooth framed M-bundles associated to trivalent graphs, which we will call graph clasper-bundles. We will show that they are in some sense dual to the Kontsevich classes, implying the non-triviality of the Kontsevich classes.
4.1. Suspended claspers. Now we define some notions which are generalizations of Habiro's clasper defined in [Hab, Hab2] . For the details about higher dimensional claspers, see [W] , though we will describe below self-contained definitions of them. An I p,q -clasper is a normally framed null-homotopic embedding of spheres S p ⊔ S q ⊂ M p+q+1 with p, q > 1 connected by an arc, equipped with a trivialization of the normal SO(p + q)-bundle over the arc for which the first p-frame is parallel to the p-sphere near the one side of the arc and the last q-frame is parallel to the q-sphere near the other side of the arc. We call each of the two spheres a leaf and call the arc an edge. One can canonically associate a normally framed two component link to an I p,q -clasper by replacing the I p,q -clasper with an embedded Hopf link as in Figure 2 so that the p-sphere lies in the (p + 1)-plane spanned by the first p-frame in the normal frame and the direction of the edge, and the q-sphere lies in the (q + 1)-plane spanned by the last q-frame in the normal frame and the direction of the edge. We orient the two leaves so that the linking number Lk(S p , S q ) of the associated Hopf link is 1 if both p and q are odd. By a surgery along an I p,q -clasper, we mean a surgery along its associated framed link.
Since the map π 1 (SO(2)) → π 1 (SO(p + 1)) ∼ = Z 2 , induced by the inclusion, is onto, we can represent the framed edge by an SO(2)-framed edge in an untwisted 3-dimensional neighborhood of the edge. This allows us to depict an I p,q -clasper in a plane at the part of edge.
Consider the smooth fiber bundle E → B with fiber a pair (M, φ) where φ is a smooth embedding of a collection of I p,q -claspers into M such that it becomes trivial M-bundle if φ is removed. We will call such a bundle a suspended claspers over B.
A surgery along I p,q -clasper C is a surgery along the associated framed link. Further we extend the notion of surgery to suspended claspers. Suppose that both of the two suspended leavesŝ 0 ,ŝ 1 of a suspended clasper E → B embedded into M × B form trivial sphere bundles and the suspended edge forms also a trivial I-bundle. Simultaneous surgery along suspended clasper yields a possibly non-trivial smooth M-bundle. A clasper-bundle is such obtained M-bundle.
4.2. Graph claspers. Now we review the definition of a graph clasper, which was also first introduced by Habiro in [Hab] in the case of 3-dimension. Graph clasper itself is not necessary to define graph clasper-bundles below. But it motivates much for the definition of the graph clasper-bundle and it is used in §4.5.
When three natural numbers p, q, r > 0 satisfies (4.1) p + q + r = 2m − 3, 
of R m form a non-trivial 3 component link. Non-triviality of this link can be proved by computing the Massey product of its complement.
Fix an integer n ≥ 3. A modelled graph clasper is a connected uni-trivalent graph with (1) vertex orientation on each trivalent vertex, namely, choices of orders of three incident edges to each trivalent vertex modulo even number of swappings, (2) decomposition of each edge into a pair of half edges, (3) a natural number p(h) on each half edge h so that if e = (h 0 , h 1 ) is a decomposition of an edge e, p(
are numbers of three incident half edges of a trivalent vertex, then they satisfies the condition (4.1), (4) a p(h v )-sphere attached to each univalent vertex v where h v is the half edge containing v. A graph clasper is an embedding of a modelled graph clasper into an m-dimensional manifold together with structures (vertex orientations, p(·)). A framed link associated with a graph clasper G is a normally framed link in a regular neighborhood of G obtained by replacing each edge labeled (p, p ′ ) with a Hopf link associated to an I p,p ′ -clasper so that the three spheres grouped together at a trivalent vertex form a Borromean rings. Here vertex orientations are used to determine the 'orientations' of the Borromean rings (if m = 3, the Borromean ringsL obtained from another Borromean rings L by the involution x → −x in R m is not equivalent to L).
Example 4.1. An obvious example is a graph clasper without trivalent vertices. This is just a model of I p,q -claspers. Another example of a graph clasper for m = 7 is depicted in Figure 3 .
It can be proved that graph clasper with cycles in the graph exist only if the label p(h) = 1 is allowed. This condition is always satisfied when m = 3 or 4. In the case m ≥ 5, it may happen that p(h) > 1 for all h. So in that case, graph claspers with cycles do not exist, that is, only the tree shaped graph claspers exist.
In the case m = 3, there are many graph claspers so that any trivalent graph gives rise to a graph clasper. However, in the case m ≥ 4, no trivalent graph gives rise to a graph clasper! In order to construct 'dual' objects to the Kontsevich classes for trivalent graphs in high dimensions, we suspend claspers as in the next subsection.
4.3. Graph clasper-bundles. We define graph clasper-bundles here, which will be shown to be the 'dual' object to the Kontsevich classes in higher dimensions later. Let m = 2k −1 ≥ 3 be an odd integer. In the following, we restrict only to the I k−1,k−1 -claspers in m-dimensional manifolds for simplicity. 
2), i = 1, 2, 3 be φ t restricted to each component. Since the triple (k − 1, k − 1, 2k − 3) for m = 2k − 1 satisfies the condition (4.1), one can form a Borromean rings φ L in B m (2) with dimensions (k − 1, k − 1, 2k − 3) as in the previous subsection. The (2k − 3)-sphere L 3 in φ L can be considered as a (k − 2)-fold loop suspension of a (k − 1)-sphere. Namely, the (2k − 3)-sphere L 3 is covered just once by an S k−2 -parametrized embeddingφ t of (k − 1)-spheres. Therefore, φ
L (constant over t) for i = 1, 2, and φ
For usual graph claspers in [Hab] and [W] , and in the previous subsection, the Borromean rings are used at trivalent vertices. For the definition of the graph clasper-bundles, we will use the 'suspended' Borromean rings {φ t } t at trivalent vertices.
Surgery along the suspended three component link.
We want to define a surgery along such a three component parametrized link. In order for such surgery to be well defined, the following problems are left:
(1) The image of the parametrized embeddingφ t defined above degenerates to a point in the fiber of the base point of S k−2 . So we need to modify slightly the parametrized embeddingφ t so that it is non-degenerate everywhere over S k−2 . (2) We need to prove that {φ t } t forms a trivial S k−1 -bundle over S k−2 .
To solve these problems, we define another parametrized embeddingφ t : S k−1 → B m (2), which is a modification ofφ t . Here we use the parameter space D k−2 rather than S k−2 where we represent each parameter t ∈ S k−2 \ {t 0 } (t 0 : base point) by a preimage of the
. Similarly, we also use the parameter space 2) . Note that V is a collection of (k − 2)-spheres which are orthogonal to the collection of (k − 1)-spheres forming a (2k − 3)-sphere as the (k − 2)-fold loop suspension appeared above. The complement of the base point of V (the base point of S k−2 's) is a (non-compact) smooth submanifold of S 2k−3 (see Figure 4 (i)).
Let V def = Bl(V, {t 0 }) be a manifold with corners by blowing up V along its base point. Then the new face D appearing in V is a (k−1)-disk so that there is an orientation preserving diffeomorphism V \ {t 0 } → V \ D (see Figure 4 (ii)).
be a small trivially embedded (k − 1)-sphere sharing the base point with the (2k − 3)-sphere L 3 . We assume that D
including the base point. Then we can embed the manifold
satisfying the following conditions:
• gl restricts to the gluing map gl| D :
• The image of gl is smooth outside ∂ D.
• At each point x ∈ ∂ D,
• The induced parametrized embedding
− , defined by combining the induced parametrized embedding of a
• The union of the images of {φ t } for
is included in a small m-dimensional disk Q m whose center is the base point of L 3 . (So we need to choose the constant embedding of
The parametrized embedding {φ t } t∈D k−2 : S k−1 → B m (2) is the desired modification. Now we shall show that {φ t } solves (1) and (2). (1) is obvious from the construction. For (2), we ignore the two of the three components forming the Borromean rings in B m (2) other than the S 2k−3 component L 3 . Then the image ofφ t for each
− . This series {D k t } t of disks gives a deformation retraction of the S k−1 -bundle {Imφ t } t → S k−2 into the trivial bundle with fiber the boundary of D k − . Therefore the S k−1 -bundle {Imφ t } t → S k−2 is trivial and the surgery is defined.
Proposition 4.3. The parametrized embedding
(φ (1) L , φ (2) L ,φ t )
can be obtained (up to isotopy) by surgery along a (unsuspended) Y -graph clasper in
B m (2) from the trivial one (φ (1) L , φ (2) L , φ (3) L ) where • the Y -
graph clasper is associated with the Borromean rings of dimensions
Proof. P can be deformed into the fiber of 0 ∈ D k−2 : Let P ⊂ L 3 ⊂ B m (2) be the set of points whereφ t andφ t coincide, which occupies most of L 3 . Namely,
Assume for simplicity that P is a disk by choosing suitable {φ t } t . Since each point p ∈ P is in the image ofφ t =φ t for some t ∈ D k−2 , there is a subsetP of Im {φ t } t in B m (2) × S k−2 , whose projected locus into B m (2) is P . Assume thatP is suspended over a disk U ⊂ D k−2 . After a smooth deformation on the parameter space D k−2 , U can be made included in {t ∈ D k−2 | t < ε} for any ε > 0. Moreover we can take an isotopy carryingP into P 0 (P in the fiber of 0 ∈ D k−2 ) disjoint from other components. Consequently, part of the Borromean rings, consisting of two S k−1 components and P , are included in the fiber of 0 ∈ D k−2 after an isotopy.
Borromean rings (2k − 3, 2k − 3, 2k − 3) is an unreduced suspension:
In the definition (4.2) of the Borromean rings with dimensions (p, q, r) = (k − 1, k − 1, 2k − 3), if we enlarge the domain for z ∈ R r ′ = R 1 to R r ′ +(k−2) = R k−1 with the natural extension of the definition (4.2), we obtain another Borromean rings with dimensions (p + (k − 2), q + (k − 2), r) = (2k − 3, 2k − 3, 2k − 3) in R m+(k−2) = R 3k−3 whose first two components are considered to be unreduced (k − 2)-fold suspensions of the spheres in the old one.
The two coincide:
After an isotopy, the above two suspended links coincide outside the union of some trivial small disk bundle Q m × D k−2 disjoint from the first two components, and from B m (2) × ∂D k−2 because in both cases the first two components are trivially suspended over D k−2 \ ∂D k−2 and after an isotopy P becomes included in the fiber over 0 ∈ D k−2 . Here Q m may be chosen to be small so to include S 2k−3 \ P .
They are obtained by a Y -surgery:
Then by the definition of the Borromean rings and the Y -graph claspers, both suspended links are obtained by surgery along a Y -graph clasper.
Graph clasper-bundle. We denote by φ
Note that φ Y t can be chosen to fix each base point on S k−1 . By using these bundles, graph clasper-bundles are constructed as follows. 
irregular graph clasper for Γ with all labels equal to k − 1. Here 'irregular' means that only the condition (4.1) for the three labels at a trivalent vertex fails to be a graph clasper.
Step 1 Consider the bundle π : E → (S k−2 ) ×2n over a direct product of 2n (k − 2)-spheres with fiber a pair (M, G(Γ)) such that if G(Γ) is removed, the bundle becomes a trivial M-bundle (see Figure 5 (i)).
Step 2 Fix a bijective correspondence a : I → I (I = {1, 2, · · · , 2n}) between the 2n components in (S k−2 ) ×2n and the set of 2n vertices in G(Γ) (see Figure 5 (ii)).
Step 3 Then replace a neighborhood B i of each trivalent vertex i of G(Γ) with
×2n with a suitable modification so that each base point intersects an edge of an I-clasper at ∂B m (2). Here
. The resulting object can be considered as a set of suspended I k−1,k−1 -claspers arranged along the edges of G(Γ) in the trivial M bundle π. Denote by G(Γ) the resulting set of suspended claspers (see Figure 5 (iii)).
Step 4 Apply surgery along the suspended clasper G(Γ) and denote the resulting M-bundle
We will call such constructed π Γ a graph clasper-bundle associated to Γ.
Observe that a surgery along an I k−1,k−1 -clasper can be decomposed into surgeries along two I k−1,k−1 -claspers I 1 , I 2 linking each other between the (k −1)-dimensional leaf of I 1 and the (k − 1)-dimensional leaf of I 2 with linking number 1. If we decompose each I-claspers in this way, then by the definition of the graph clasper-bundle
• V i as a fiber over any point x ∈ (S k−2 ) ×2n includes the three I-claspers for the i-th trivalent vertex on Γ so that the three of the leaves links to the three (k − 1)-handles of V i respectively,
See Figure 6 for an explanation of this condition.
Remark 4.5. The above definition of graph clasper-bundles is valid also for k = 2, i.e., for graph clasper-bundles consisting of I 1,1 -claspers in a 3-manifold. In this case, the bundle is
FIGURE 6. Shadowed areas include supports of isotopies and diffeomorphisms for before and after the surgery.
over S 0 × · · · × S 0 , namely an alternating sum of Y -clasper surgeries, which appeared in the context of finite type theory of 3-dimensional homology spheres [Hab2] .
Multiple of graph clasper-bundles. Let π
We identify π Y (v) with the one pulled back from the universal (V, ∂V )-bundle via a classifying map f
Further, we may choose another homotopy H ′ so that the support collapses into S ′ v , which is disjoint from S v , and denote the resulting classifying map by f
See Figure 7 . We can apply the above construction for not necessarily one vertices of Γ and we will write the result of it as π Γ (2v i 1 , . . . , 2v ir ).
4.3.5. Existence of vertical framings for k = 4. The following proposition shows that if k = 4, any bundle of the form π Γ (2v 1 , . . . , 2v 2n ) is a bundle for which the characteristic numbers for the Kontsevich classes are computable. Proposition 4.6. In the case k = 4, the graph clasper-bundle
for any Γ can be vertically framed so that it is standard outside
×2n is decomposed into cells obtained from the standard cell decomposition of (D 2 ) ×2n by the sequence of collapsings:
Let e 2 i be a 2-cell corresponding to the i-th S 2 -component in (S 2 ) ×2n whose boundary ∂e 2 i is to be glued into the base point. We identify e We choose a polar coordinate on e 2 i , namely we also identify e 2 i with the set
For each point x ∈ e 2 i , there is the canonical diffeomorphism between the fibers:
defined as the result of the smooth deformation along the path
Thus we may assume after a homotopy that ϕ x = id outside 0 ≤ θ ≤ ε for some ε > 0. Correspondingly, we may assume that the vertical framing is given outside 0 ≤ θ ≤ ε identical to that of E q 0 . On the rest of e 2 i , we choose the vertical framing induced via the path γ x . Moreover, since ϕ x is identity outside the handlebody V i ⊂ M, including the three I-claspers for all x ∈ e 2 i , the vertical framing is given on
To show that π Γ is vertically framed, it suffices to prove the vanishing of the obstructions to homotopy the above defined vertical framing restricted to the trivial V i -bundle ̟ i : V i ×α ε → α ε over the arc α ε = {(r, θ) | r = cos θ, 0 ≤ θ ≤ ε} that is trivialized on ∂V i , into the trivial one.
The obstructions may lie in the following groups:
By Lemma 4.7 below, we have H j (V i × α ε , ∂(V i × α ε ); Z) = 0 for 0 ≤ j ≤ 4 and thus the above group is zero for 0 ≤ j ≤ 4 by the universal coefficient theorem. Further, the above group is zero for j = 5, 6 because π 5 (SO(7)) = 0, π 6 (SO(7)) = 0. Again by Lemma 4.7, we have H j (V i × α ε , ∂(V i × α ε ); Z) = 0 for j = 6, 7 and thus the above group is zero for j = 7. Therefore, the only obstruction may lie in the group
Since π 8 (SO (7)) ∼ = Z 2 ⊕ Z 2 , the obstruction vanishes after making π Γ (2v i ) (see Figure 8 ).
Since V i 's are mutually disjoint, the vertical framing obtained on the 2-skeleton may be directly extends to whole of (S 2 ) ×2n . Further, since the obtained vertical framing is trivialized on ∂(V 1 ⊔ · · · ⊔ V 2n ), we can extend it to whole of M by the standard vertical framing.
Lemma 4.7. Under the settings in the proof of Proposition 4.6, we have
Proof. By the Poincaré-Lefschetz duality, we have
. Duality between graph clasper-bundles and characteristic classes. Let k = 4 and let M be a 7-dimensional homology sphere. Let
be the linear map defined as the class of the image of the classifying map for π Γ (2v 1 , . . . , 2v 2n ) with a choice of a vertical framing τ Γ which is standard outside V 1 ⊔ · · · ⊔ V 2n ⊂ M if Γ does not have the part like ⊸ and as 0 if Γ has ⊸. We will write [E] for the class of the image in BDiff M of the classifying map for a bundle E → B. 
Composed with any linear map A 2n → R, ζ 2n yields R-valued characteristic classes.
Corollary 4.9. Suppose that k = 4 and that M is a 7-dimensional homology sphere.
, Corollary 4.9 suggests that there seem to be richer structures in smooth bundles than the homological structures of the vertical tangent bundles, as mentioned in Remark 3.3.
Proof of Theorem 4.8. The commutativity of the diagram is a consequence of the following identity:
for any choice of the vertical framing τ Γ which is standard outside V 1 ⊔· · ·⊔V 2n . The identity for the kernels will be shown later in Lemma 4.11. Let (t 1 , t 2 , . . . , t 2n ) ∈ (S 2 ) ×2n denote the coordinate of (S 2 ) ×2n and ω(Γ)(t 1 , . . . , t 2n ) be the integrand form for the integral associated to Γ, defined on the configuration space fiber of (t 1 , . . . , t 2n ).
Now we show that the computation can be simplified to the one for a bundle with fiber a direct product of some simple spaces. Let U(i) ⊂ C 2n (M) be the subset consisting of configurations such that no points are included in V i and we show that the fiber integration restricted to U(i)-fiber degenerates. We consider the case i = 1 for simplicity. Let
where t 0 i denotes the base point, be the projection defined by (t 1 , t 2 , . . . , t 2n ) → (t 0 1 , t 2 , . . . , t 2n ). Since we can write
by a dimensional reason. So it suffices to compute the integral over
Since at least one point is included in each V i for any configuration in C, C is a disjoint union of spaces of the form
×2n corresponding to the j-th vertex. Let V j → S 2 be the trivial (V j , ∂V j )-bundle with the standard framing on it. For each S ⊂ {1, . . . , 2n}, let V S → (S 2 ) ×2n denote the bundle obtained fromṼ 1 × · · · ×Ṽ 2n by replacingṼ i with V i for each i ∈ S. Then consider the alternating sum:
By a dimensional reason, the term ζ 2n (V S ) vanishes unless S = ∅ and thus it follows that
One can check that the alternating sum on the RHS coincides with the integral over
with the integrandω(Γ), obtained from ω(Γ)'s by gluing along the boundaries ofṼ i 's. Now observe that half of the top homology class of the closed manifold V i is represented by the class of the map 
∧3 is one dimensional and spanned by α * i ∧ β * i ∧ γ * i . On the other hand, the 6-form θ e=(i,j)
corresponding to the linking form. Therefore, the integral corresponds to contractions of the tensors and
See Figure 9 for the explanation of this. Hence exactly |Aut Γ| connected components in C contributes to the term of Γ as 2 2n and the other components does not contribute. Therefore, 
We can mix suspended graph claspers and unsuspended graph claspers to make more bundles. We will give some relations among them. A graphical representation of graph clasper-bundles is also given.
First we introduce some graphical symbols to present clasper-bundles. The involved objects are presented as follows.
• q-dimensional sphere:
q .
• I p,q -clasper: q p
• Y -clasper with (p 1 , p 2 , p 3 )-dimensional leaves:
Then we present an object trivially suspended over S as follows.
S (Object)
We present the situation such that two (suspended / unsuspended) spherical objects, or leaves are linked together in a standard way as follows.
q p
Here two objects link together in a standard way means that they link together so that they look like a part of the Hopf link with linking number 1, or its trivial suspension. A q-sphere 
with a base point on it is depicted as follows.
q *
Here we assume that the base point has to be fixed if the sphere is suspended. So we can freely replace such based sphere with a leaf of an I p,q -clasper.
For example, the graph clasper-bundle
The following two Propositions imply Lemma 4.11. Here we state a proposition for general dimensions.
Proposition 4.12. Let k be an even integer ≥ 4 and let 
Proposition 4.13. Let k be an even integer ≥ 4 and let π [
We will show that Proposition 4.12, 4.13 reduces to the following two propositions.
Proposition 4.14. Let k be an even integer ≥ 4 and let L be a trivially embedded wedge 
Proof. We first consider the condition of the LHS of (i). After the simultaneous surgery along the suspended I p,q -clasper in the center of the LHS of (i), we can deform the suspended qsphere by a simultaneous isotopy until it links to the p-sphere of the I p,Q -clasper. Then the q-sphere p-sphere slide deform FIGURE 12.
p-sphere can be slid to make the suspended I p,q -clasper (surgered) disjoint from both the suspended sphere and the p-dimensional leaf. Finally, the disjoint suspended I-clasper may be removed by a simultaneous isotopy and we get the RHS of (i) (see Figure 12 ). For (ii), observe that the Q-sphere in the LHS of (ii) can be made included in a tubular neighborhood of the suspended complement of the suspended p-dimensional leaf of the Iclasper in the middle. Then the proof is similar to (i).
Lemma 4.17. In a graph clasper-bundle whose fiber is
Note that the 3k − 3 is considered as (2k − 1) + (k − 2) and 6k − 9 = 2(3k − 3) − 3.
Proof. This is an immediate consequence of Proposition 4.3.
Lemma 4.18. In a graph clasper-bundle whose fiber is (3k − 3)-dimensional over the base
− 4, and q 1 + q 2 + q 3 = 6k − 9.
Note that 3k − 3 = (2k − 1) + (k − 2).
Proof. Now we consider the condition of LHS. In each (3k − 3)-dimensional fiber, there is a Y-graph clasper linking to two spheres of dimensions q 2 , q 3 . We can assume that the two spheres of dimensions q 2 and q 3 in the three spheres grouped together at the trivalent vertex of the Y-graph, is entirely included in a tubular neighborhood of a p 1 -sphere trivially embedded into the complement of the third sphere of dimension q 1 in the trivalent vertex. Then we can apply Lemma 4.16 for the suspended I p 1 ,q 1 -clasper incident to the trivalent vertex and the I P 1 ,q 1 -clasper linking to it. Thus after a simultaneous isotopy, we get the union of suspended I p 2 ,q 2 -and I p 3 ,q 3 -claspers and one I P 1 ,q 1 -clasper. Then again the three grouped spheres of dimensions q 1 , q 2 , q 3 , two of which are suspended, form a suspended Borromean rings by a similar argument as in the proof of Proposition 4.3. Therefore this may be reduced to a Y-graph clasper surgery of the RHS. So if one defines another tree-shaped graph clasper-bundles replacing I k−1,k−1 -claspers by I p,q -claspers such that (p, q) are not necessarily (k − 1, k − 1) and replacing the dimensions of the base spheres, then the result is again a trivial suspension from a tree clasper in 3-dimension.
In particular, we can take T = S 1 ×S 1 ×· · ·×S 1 and in this case unsuspended tree-shaped graph claspers are equivalent to a suspension of a tree clasper in 3-dimension. Since the support of a tree shaped graph clasper bundle can be made included in a small ball inside the base space, suspension with any choices (d 1 , d 2 , . . . , d r ) are all bordant. Therefore, the graph clasper-bundle obtained by replacing I k−1,k−1 -claspers with I p,q -claspers along a subtree of the graph is bordant to the original one. Note also that in Proposition 4.23, edges may link with L non-trivially but after the suspension, L becomes a codimension k ≥ 4 object and thus the obtained higher dimensional tree-shaped graph clasper does not link to the suspended L. 
Proof. Let (s, t) ∈ T denote the coordinate on T . By Lemma 4.17, we have over the factor S k−2 ×S k−2 corresponding to the two vertices of each graph as in the construction of a multiple of a bundle in §4.3.4. Then it is the situation of the Proposition 4.14.
Proof of Proposition 4.13. Lemma 4.17 shows that 
FURTHER DIRECTIONS
